A generalized super integrable hierarchy of Dirac type by Ye, Yujian et al.
ar
X
iv
:1
60
4.
03
72
8v
1 
 [n
lin
.SI
]  
13
 A
pr
 20
16
A generalized super integrable hierarchy of Dirac
type
Yujian Yea, Zhihui Lib,∗, Shoufeng Shenb, Chunxia Lic
a School of Management, Hangzhou Dianzi University, Hangzhou 310018, China
b Department of Applied Mathematics, Zhejiang University of Technology,
Hangzhou 310023, China
c School of Mathematical Sciences, Capital Normal University, Beijing 100048,
China
Abstract
In this letter, a new generalized matrix spectral problem of Dirac type associated with
the super Lie algebra B(0, 1) is proposed and its corresponding super integrable hierarchy is
constructed.
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1 Introduction
Recently, some well-known matrix spectral problems have been generalized to their super coun-
terparts. In literature, some super integrable hierarchies have been constructed successfully, such as
the super AKNS hierarchy, the super Dirac hierarchy, the super KdV hierarchy and the super KP
hierarchy [1–23]. Meanwhile, inverse scattering transformation, Ba¨cklund transformation, Darboux
transformation and Hirota’s bilinear method, etc. have also been applied to study super integrable
systems.
The well-known Dirac spectral problem reads as [24]
φx = Uφ, U = pǫ1 + (λ+ q)ǫ2 + (−λ+ q)ǫ3 (1.1)
*Corresponding author, Email: houzili187@163.com
1
where ǫ1, ǫ2, ǫ3 are the basis of the algebra sl(2, R) given by
ǫ1 =
[
1 0
0 −1
]
, ǫ2 =
[
0 1
0 0
]
, ǫ3 =
[
0 0
1 0
]
. (1.2)
In literature, its corresponding soliton hierarchy and bi-Hamiltonian structure have been established
[25, 26].
Later on, the Dirac spectral problem (1.1) associated with sl(2, R) was generalized to the super
Dirac spectral problem associated with the super Lie algebra B(0, 1). Generally speaking, the super
Lie algebra B(0, 1) has different bases. Here we take the basis {e1, e2, e3, e4, e5} of B(0, 1) to be
[7, 23]
e1 =

 1 0 00 −1 0
0 0 0

 , e2 =

 0 1 00 0 0
0 0 0

 , e3 =

 0 0 01 0 0
0 0 0

 ,
e4 =

 0 0 10 0 0
0 −1 0

 , e5 =

 0 0 00 0 1
1 0 0

 .
and the super Dirac matrix spectral problem is defined by
φx = [pe1 + (λ+ q)e2 + (−λ + q)e3 + αe4 + βe5]φ
=

 p λ+ q α−λ + q −p β
β −α 0

φ. (1.3)
Here we would like to point out that potentials p, q, α, β are functions of x and t with different
parities. Potentials p, q and the spectral parameter λ are even elements whose parities are |p| =
|q| = |λ| = 0, while potentials α and β are odd elements whose parities are |α| = |β| = 1.
Physically, p, q and λ are bosonic, and α and β are fermionic. The super Dirac hierarchy and
its super Hamiltonian structure, Bargamann constraint and binary nonlinearization are considered
respectively, corresponding to the super matrix spectral problem (1.3) in [9, 10].
In this paper, we will consider the following super matrix spectral problem
φx = Uφ = [pe1 + (λ+ q + h)e2 + (−λ + q − h)e3 + αe4 + βe5]φ (1.4)
U =

 p λ+ q + h α−λ+ q − h −p β
β −α 0

φ, h = c(p2 + q2 + 2αβ),
where c is an even constant. It is obvious that (1.4) is reduced to the existing super Dirac matrix
spectral problem (1.3) by setting c = 0. This is why we call (1.4) a generalized super Dirac matrix
spectral problem. The remainder of this paper is organized as follows. In Section 2, we will establish
the corresponding integrable hierarchy of the generalized super Dirac matrix spectral problem (1.4)
by the standard procedure. Section 3 is devoted to conclusions and discussions.
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2 Generalized super integrable hierarchy of Dirac type
In this section, we will establish the generalized super integrable hierarchy of Dirac type corre-
sponding to (1.4) by following the standard procedure.
We will start by solving the stationary zero-curvature equation
Wx = [U,W ]. (2.1)
In order to do so, we assume W in the following form
W = Ce1 + (A+B)e2 + (A− B)e3 + ρe4 + σe5 =

 C A +B ρA−B −C σ
σ −ρ 0

 , (2.2)
where |A| = |B| = |C| = 0 and |ρ| = |σ| = 1. Under the assumption, we have


Ax = −2λC + 2pB − αρ+ βσ − 2hC,
Bx = 2pA− 2qC − αρ− βσ,
Cx = 2λA− 2qB + ασ + βρ+ 2hA,
ρx = (λ+ q)σ − β(A+B)− αC + pρ+ hσ,
σx = (−λ + q)ρ− pσ − α(A− B) + βC − hρ.
(2.3)
We expand W in terms of Laurent series
W =

 C A+B ρA− B −C σ
σ −ρ 0

 =
+∞∑
i=0

 Ci Ai +Bi ρiAi − Bi −ci σi
σi −ρi 0

λ−i.
By comparing the coefficients of the different powers of λ, we obtain the following recursion relations,


Ai+1 =
1
2
Cix + qBi −
1
2
ασi −
1
2
βρi − hAi,
Ci+1 = −
1
2
Aix + pBi −
1
2
αρi +
1
2
βσi − hCi
ρi+1 = −σix + qρi − pσi − α(Ai − Bi) + βCi − hρi
σi+1 = ρix − qσi − pρi + β(Ai +Bi) + αCi − hσi
Bi+1,x = 2pAi+1 − 2qCi+1 − αρi+1 − βσi+1,
i ≥ 0. (2.4)
Upon chosing the initial value {A0, B0, C0, ρ0, σ0} to be
A0 = C0 = ρ0 = σ0 = 0, B0 = 1 (2.5)
and imposing the integration condition
Ai|u=0 = Bi|u=0 = Ci|u=0 = ρi|u=0 = σi|u=0 = 0, i ≥ 1,
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all the coefficient sets {Ai, Bi, Ci, ρi, σi} can be determined uniquely by the recursion relations. The
first few sets are given by
A1 = q, B1 = 0, C1 = p, ρ1 = α, σ1 = β;
A2 =
1
2
px − ǫq(p
2 + q2 + 2αβ),
B2 =
1
2
(p2 + q2) + αβ,
C2 = −
1
2
qx − ǫp(p
2 + q2 + 2αβ),
ρ2 = −βx − ǫ(p
2 + q2)α,
σ2 = αx − ǫ(p
2 + q2)β;
A3 = −
1
4
qxx −
1
2
ααx +
1
2
ββx + qαβ +
1
2
q(p2 + q2)−
1
2
ǫ[p(p2 + q2 + 2αβ)x + 2px(p
2 + q2 + 2αβ)]
+ǫ2q(p2 + q2)(p2 + q2 + 4αβ),
B3 =
1
2
(pxq − pqx) + ααx + ββx − ǫ(p
2 + q2)(p2 + q2 + 4αβ),
C3 = −
1
4
pxx +
1
2
αβx −
1
2
αxβ + pαβ +
1
2
p(p2 + q2) +
1
2
ǫ[q(p2 + q2 + 2αβ)x + 2qx(p
2 + q2 + 2αβ)]
+ǫ2p(p2 + q2)(p2 + q2 + 4αβ),
ρ3 = −αxx − qβx − pαx −
1
2
pxα−
1
2
qxβ +
1
2
(p2 + q2)α + ǫ[(p2 + q2)xβ + 2(p
2 + q2 + αβ)βx]
+ǫ2(p2 + q2)2α,
σ3 = −βxx − qαx + pβx +
1
2
pxβ −
1
2
qxα +
1
2
(p2 + q2)β − ǫ[(p2 + q2)xα + 2(p
2 + q2 + αβ)αx]
+ǫ2(p2 + q2)2β.
Finally, let us the associate the super Dirac matrix spectral problem (1.4) with the following
auxiliary spectral problem
φtm = V
[m]φ, (2.6)
V [m] = (λmW )+ +∆m = (λ
mW )+ +

 0 fm 0−fm 0 0
0 0 0

 , m ≥ 0,
where P+ denotes the polynomial part of P in λ. The compatibility condition of (1.4) and (2.6)
gives the zero curvature equation
Utm − V
[m]
x +
[
U, V [m]
]
= 0, m ≥ 0
which is equivalent to the system 

ptm = 2Am+1 + 2qfm,
qtm = −2Cm+1 − 2pfm,
αtm = σm+1 + βfm,
βtm = −ρm+1 − αfm,
fmx = htm .
(2.7)
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By some simple calculations, we have
fmx = htm = ǫ(2pptm + 2qqtm + 2αtmβ + 2αβtm)
= ǫ [2p(2Am+1 + 2qfm) + 2q(−2Cm+1 − 2pfm) + 2(σm+1 + βfm)β + 2α(−ρm+1 − αfm)]
= 2ǫ(2pAm+1 − 2qCm+1 − βσm+1 − αρm+1)
= 2ǫBm+1x. (2.8)
Based on the obtained results, we are able to establish the following generalized super integrable
hierarchy of Dirac type 

p
q
α
β


tm
= Km =


2Am+1 + 4ǫqBm+1
−2Cm+1 − 4ǫpBm+1
σm+1 + 2ǫβBm+1
−ρm+1 − 2ǫαBm+1

 , (2.9)
among which, the nonlinear super system with m = 2 is given by

pt2 = −
1
2
qxx + q(p
2 + q2) + 2qαβ − ααx + ββx − 2ǫ[p(p
2 + q2)x + p(αβ)x + 2pxαβ − 2qααx − 2qββx]
−2ǫ2q(p2 + q2)(p2 + q2 + 4αβ),
qt2 =
1
2
pxx − p(p
2 + q2)− 2pαβ − αβx + αxβ − 2ǫ[q(p
2 + q2)x + q(αβ)x + 2qxαβ + 2pααx + 2pββx]
+2ǫ2p(p2 + q2)(p2 + q2 + 4αβ),
αt2 = −βxx − qαx + pβx +
1
2
pxβ −
1
2
qxα+
1
2
(p2 + q2)β − ǫ[(p2 + q2)xα+ 2(p
2 + q2 + 2αβ)αx
−(pxq − pqx)β]− ǫ
2(p2 + q2)2β,
βt2 = αxx + qβx + pαx +
1
2
pxα +
1
2
qxβ −
1
2
(p2 + q2)α− ǫ[(p2 + q2)xβ + 2(p
2 + q2 + 2αβ)βx
+(pxq − pqx)α] + ǫ
2(p2 + q2)2α.
3 Conclusions and discussions
In this letter, we first have proposed a generalized super Dirac matrix spetral problem by adding
the known super Dirac matrix spectral problem with a nonlinear term. Then we have established
a generalized super integrable hierarchy of Dirac type by the standard procedure.
In fact, there are some other possibilities for how to choose the nonlinear term h in U . One of
such examples is to choose h =
N∑
j=0
ǫj(p
2 + q2 + 2αβ)jx which will leads to different super integrable
systems. Beside this generalization, there are also multicomponent generalizations of the super
Dirac matrix spectral problem. For example, we can take U as
U =

 p λE + q + h α−λE + q − h −p β
β −α 0

 , h = ǫ(p2 + q2 + 2αβ),
where E is an unit matrix of n-th order, p = diag(p1, p2, · · · , pN), q = diag(q1, q2, · · · , qN ), α =
diag(α1, α2, · · · , αN) and β = diag(β1, β2, · · · , βN). We hope more results can be presented in this
direction in the future work.
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